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Kinetic theory has been successfully applied to mathematically model the constitutive relations for flowing
granular materials. However, the basis for kinetic theory is the assumption of binary collisions between
particles. Both physical and numerical experiments of granular flows have questioned the validity of this
assumption. It is known that when solid concentration or shear-rate increase, collision contact time becomes
long relative to free-flight duration. Multiple collisions begin to prevail. Interactions between groups of par-
ticles may dominate the dynamics of the flow. This paper addresses both the size and lifetime of multiple
collision groups in a granular flow. Computer simulations of a simple shear two-dimensional assembly of
visco-elastic particles with or without friction are performed. It is found that as the shear-rate or solid concen-
tration increase the shearing particles begin to form distinct groups within each group particles collide simul-
taneously. The group size grows with further increase of shear-rate or solid concentration to the extent that
force chains spanning the whole shearing assembly may form. Concomitantly the collision duration also
increases far beyond that of a binary collision. The evolution of the group size and the collision duration are
associated with the change of the constitutive behavior of the granular materials. The existence of additional
length and time scales demands new formulation for granular flows.
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I. INTRODUCTION

Theories of constitutive relations for rapidly flowing
granular materials are mainly based on extensions of the ki-
netic theory of gases[1]. A review of this development may
be found in Ref.[2]. These theories assume that the collision
time is negligible compared to the mean free flight time of
the particles. Therefore stresses are generated solely from
binary collisions. Such an assumption is valid in case of
dilute granular flows. However most of the granular flows
are dense in nature. Particle interactions can involve multiple
grains and interaction time can be significantly longer than
the binary collision duration. The size of multiple grains and
the long particle interaction time alter the rheology of granu-
lar flows.

The formation of clusters in a rapidly sheared granular
flow has been observed in computer simulations even at
moderate solid concentrations[3,4]. These structures are
more pronounced in highly dissipative systems. Relaxation
behavior of these structures is called “granular cooling”
[5,6]. Although clusters only mean enhanced proximity of
neighboring particles not necessarily in simultaneous con-
tact, the existence of clusters indicates high local concentra-
tion, which suggests the possibility of multiple collisions
among neighboring particles. The immediate implication of
multiple collisions is the additional length scale associated
with the size of the simultaneously contacting particles, and
the additional time scale associated with the duration of col-
lisional contacts.

In this paper we simultaneously introduce an internal
length parameter: the “group size” and a time parameter: the
“contact lifespan.” The “group size” is defined as the number

of interconnecting particles by contact. A “group” is thus
different from a “cluster” referred in[3,4] in that all particles
of the same group must be interconnected by mutual con-
tacts. The “contact lifespan” is defined as the duration of a
collision. The effects of shear-rate and solid concentration on
these internal length and time scales are investigated by us-
ing a computer simulation of two-dimensional simple shear
flow of viscoelastic disk assemblies with or without interpar-
ticle friction.

II. BACKGROUND OF THE PROBLEM

The stress in a granular system consists of two parts—
contact stress and kinetic stress, the latter is also called the
streaming stress[7,2]. The kinetic part comes from particle
fluctuations about the mean velocity and the contact part is
from the force between colliding particles. The contact part
dominates the total stress unless the solid concentration is
very low [8]. The underlying concept of the kinetic theory of
granular materials is that collisions produce linear momen-
tum transfer. The rate of momentum transfer results in
stresses. Hence stresses are expected to be proportional to the
product of collision frequency and the momentum transfer in
each collision. The frequency of collision and momentum
transfer in each collision are both proportional to the relative
velocity of neighboring particles, and such relative velocity
is proportional to the shear-rate in a simple shear situation,
thus the collisional stress ought to be proportional to the
square of the shear-rate in this type of flows.

From a computer simulation of a simple shear flow of
uniform disks, it was found that the stress and shear-rate
relation did not always follow the rate dependency described
above[9]. As the solid concentration increased keeping all
other parameters constant, the stress changed from a qua-
dratic dependence on the strain-rate to nearly independent of*Email address: hhshen@clarkson.edu
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the strain-rate. Figure 1 shows this phenomenon.
In the figure,t22

* =t22/rsD
2ġ2 is the dimensionless normal

stress,B= ġ /ÎKn/rssp /4dD2 is the dimensionless shear-rate,
whereġ represents the shear-rate,D the particle diameter,rs
its unit thickness density,Kn spring stiffness in the normal
direction, andC solid concentration. At a high solid concen-
tration sC=0.9d the slope of the curve is approximately22,
indicating that the dimensional stresst is independent of
shear-rate. At a low concentrationsC=0.5d the slope of the
dimensionless stress becomes flat, indicating that the dimen-
sional stress is proportional to the square of the shear-rate.
The degree of rate dependency varies between these two ex-
tremes for intermediate concentrations. This finding led to a
regime theory proposed in Ref.[9]. A schematic flow map
was given in terms of concentration and dimensionless shear-
rate. The coordination number was suggested as the possible
internal parameter that could control the change of rate de-
pendency.

More data supporting the same phenomenon as shown in
Fig. 1 were obtained in a recent three-dimensional study of
spheres[10]. In which, the regime change was further de-
rived from a range of friction, concentration, and the dimen-
sionless shear-rate. Detailed flow map was obtained from a
large set of computer simulation data, supporting the sche-
matic regime chart proposed in Ref.[9]. The importance of
friction coefficient was discussed as it controlled the strength
of the force chains that formed inside the granular flow at
high concentrations. Duration of contact time was linked to
multiple particle collisions.

Many authors questioned the validity of binary collisions
in high solid concentration from the inception of the rapid
granular flow theory. Heuristic modifications to the constitu-
tive relations have been proposed[11–13]. In order to bridge
the “kinetic” type of behavior where stresses depend on the
shear-rate to “quasistatic” type where stresses are indepen-
dent of shear-rate, these authors proposed constitutive laws
that linearly combined both rate-dependent and rate-
independent stress contributions. While functionally satisfac-
tory as they are for simple cases such as flow down an in-

cline, a fundamental understanding of the transition between
“kinetic” and “quasistatic” granular behaviors is needed.

A review article summarized many recent physical and
numerical studies of the “granular gases,” i.e., the rate-
dependent granular flows[14]. The existence of internal
structures and inseparable time scales were discussed, in
which the structures were associated with clusters(or density
inhomogeneities as discussed in Refs.[3,4]) or correlation
lengths. Another well-recognized internal structure discussed
was the load-bearing force chains that exist in quasistatic
rate-independent granular flows, as observed experimentally
with photoelastic materials[15–17]. The dynamics of forma-
tion and collapse of the force chains also present length and
time scales.

Intuitively these internal structures and additional length
and time scales must play a role in the constitutive relations
for granular flows. Quantitative theories that implement
these parameters await development.

In a recent study[18], a detailed analysis of probabilistic
distribution of contact duration and its effect on constitutive
relations was given. A time scale relating to the contact “age”
in granular shear flows was proposed. It was found that in
dense granular flows most of the collisions lasted much
longer than the binary collision duration. A theoretical argu-
ment for the “age” distribution of collision contacts was pro-
vided, and a new time scale was introduced. By using this
new “relaxation time” of multiple collisions a viscoplastic
constitutive law for granular flows was obtained that
smoothly bridged the fluid-to-solid transition.

Meanwhile, studies concentrating on the spatial structures
have also been actively pursued recently. For instance, Ref.
[19] studied the transition between “fluid-like” and “solid-
like” shearing behavior in a wall-bounded flow with fixed
wall pressure. Where “fluid-like” referred to shearing in a
boundary layer next to the moving wall and “solid-like” re-
ferred to interior shear similar to failure zones developed in
collapsed soil. In “fluid-like” cases the force chains were
predominantly linear, while in “solid-like” cases the force
chains formed a network consisting two nearly perpendicular
directions. Ref.[20] investigated a constant pressure, thin
Couette cell numerically and decomposed the total stress into
“fluid contact” stress and “solid contact” stress. Only those
forces from nonsliding contacts that last longer than binary
collision contribute to “solid stress.” An “order” parameter
determined by the changes in the contact fabric was intro-
duced. A constitutive law is proposed that relates stresses to
this order parameter.

Clearly with the rapid increase of studies trying to relate
constitutive behavior of granular flows to the internal struc-
tures, both spatial and temporal, new insights are mounting
fast. In the next section we propose a conceptual theory that
attempts to describe the evolution of constitutive behavior of
granular flows from dilute to dense concentration that covers
low to high shear rates. In addition to the contact duration,
we will introduce a new length scale called “group size”
defined by the number of simultaneously colliding particles.
The new length scale is the central idea of this conceptual
theory. The relation of this length scale and the asso-
ciated contact duration with the concentration, shear-rate,
and material properties of the granular assembly will be
investigated.

FIG. 1. Dimensionless normal stress vs dimensionless shear-rate
B at various solid concentrationsC (from Ref. [9]).

H. H. SHEN AND B. SANKARAN PHYSICAL REVIEW E70, 051308(2004)

051308-2



III. A CONCEPTUAL THEORY

In this section we will provide a possible physical expla-
nation for the evolution of granular shear flows from a rate-
dependent regime to a rate-independent regime. Consider a
dry granular flow, the essential parameters that determine the
constitutive relations are

t = Fsġ,D,rs,m,K,e,Cd. s1d

In the above, the additional parameters not defined earlier are
m frictional coefficient,K spring constant(normal or tangen-
tial), ande coefficient of restitution in particle-particle colli-
sions. There are several ways to obtain the dimensionless
form of the above equation, depending on how the stress is
nondimensionalized. Letm be the particle mass, the two be-
low are both valid dimensionless forms:

t

rsD
2ġ2 = F1S ġ

ÎK/m
,ms,e,CD s2ad

or

tD

K
= F2S ġ

ÎK/m
,ms,e,CD . s2bd

The left is the one presented in Fig. 1. As discussed in[18],
in the collisional regime particle stiffness is irrelevant and
stress is strongly rate-dependent, thus Eq.(2a) is more ap-
propriate for characterizing the constitutive relation. In the
quasistatic regime particle stiffness dominates while shear-
rate becomes irrelevant and Eq.(2b) is more appropriate.

There are two obvious time scales in granular shear flows
[9,10]. One is the duration of a binary collisiontc and the
other is the free flight timetf. In the following, we will
briefly reiterate the consequence of these two time scales.

If we assume a linear spring and dashpot contact mechan-
ics such as most of the rapid granular studies have adopted,
the contact duration may be solved in terms of the restitution
coefficient. As shown in[9,10], the duration of contact istc
=p /Îs2K /mds1−z2d wherez=−ln e/Îp2+ ln2e is the damp-
ing coefficient associated with the dashpot. Hence

tc ~Î m

Ks1 − z2d
. s3d

The true free flight duration is a function of the particle ve-
locity and the mean free path. The particle velocity is con-
sisted of both the mean velocity and the particle’s fluctua-
tion. Using an order of magnitude argument, both mean
relative velocity between particles and particle’s fluctuation
velocity are proportional to the shear-rate times the particle
diameter. The separation between particles is proportional to
their diameters for a fixed concentration. We thus estimate
tf ~ġ−1 with the proportionality strongly dependent on con-
centration.

If the duration of binary collision is much shorter than
free flight, binary collision would be the dominant mode of
stress generation, and constitutive laws derived from the ki-
netic theory apply[1]. In dimensionless form, the relative
magnitude of binary collision duration to the free flight du-
ration gives the ratio

tc
tf

~ ġÎ m

Ks1 − z2d
=

B
Î1 − z2

, s4d

where B= ġÎm/K is the dimensionless shear-rate andm is
the particle mass. For any fixed damping effectz, low shear-
rate meansB!1, which impliestc! tf. In this case we may
apply the kinetic theory and the flow approaches the theoret-
ical “rapid” flow. On the other hand, high shear-rate means
B@1 andtc@ tf which implies multiple collisions, group for-
mation, and eventually force chain development.

As mentioned in Refs.[9,10] the above observation
seemed to contradict the common notion that “rapid” flow is
synonymous to fast flow. The former implies the kinetic
theory and the latter implies high shear-rate. This paradox is
actually easily resolved when we consider the conventional
shear tests, in which indeed high shear-rates lead to stresses
that are proportional to the square of the shear-rate[21,22].
These tests are conducted with a fixed normal stress. In
granular flows, shearing generates a dispersive normal stress.
When the confining normal stress is fixed, as the shear-rate
increases the granular material must dilate. Hence the solid
concentration decreases, free flight time increases, and the
flow becomes more inertia-dominant where kinetic theory
applies.

To gain realistic appreciation of the time scales, we con-
sider a case of sand grains. For Young’s modulus of the order
of 100 MPa, and grain size of 1 mm in diameter, the binary
contact time estimated with Eq.(3) is of the order of
10−5 sec. With this in mind it would seem that for the free
flight time scale to be comparable with the duration of a
binary collision the shear rate is unattainably high. However,
the free flight time scaletf is highly sensitive to the solid
concentration, because the average distance between grains
is proportional toÎC0/C−1 in 2D and3ÎC0/C−1 in 3D,
whereC0 is the densely packed concentration. Therefore, as

FIG. 2. Low concentration.(a) Very low shear-rate;(b) interme-
diate shear-rate;(c) high shear-rate.

FIG. 3. Intermediate concentration.(a) Very low shear-rate;(b)
intermediate shear-rate;(c) high shear-rate.
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the concentration increases, free flight time drastically re-
duces and multiple collisions will prevail.

As shown in Ref.[18], in addition to the two time scales
described above another time scale associated with the relax-
ation of multiple collision groups emerges. This time scale
depends on the existing intrinsic parameters of the granular
assembly. It is very likely that many other secondary time
scales will prove to be important as the granular flow evolves
from inertia-dominant to quasistatic.

What exactly happens inside a granular material when it
goes through the transition? From physical experiments[23]
and computer simulations[24], it is clear that internal par-
ticle organization evolves when solid concentration is high.
In our conceptual model, the transition from inertia-
dominant to quasistatic flow is a result of the internal struc-
ture evolution. We will describe this evolution pictorially by
considering three cases: a low, an intermediate, and a high
concentration case.

In each of the three cases, the materials are the same. Let
us begin with the low concentration case, as shown in Fig. 2.
This figure shows a scenario of increasing shear-rate from
left to right while keeping the concentration constant. Shaded
particles are in contact. At a very low shear-rate as in Fig.
2(a), the shear-induced particle velocity is low. Hence the
travel time between collisions is longer than the contact time
between colliding particles. Binary collisions prevail. Con-
tact forces(the equal and opposite pair) between colliding
particles are shown as bars connecting particles. Each con-
tact force consists of a normal and a tangential component.
The thickness of the force bars represents the magnitude of
the combined force and the direction of the combined force
is the direction of the bar. As the shear-rate increases, the
traveling time between collisions reduces and the probability
of multiple collisions goes up. As shown in Fig. 2(b), two
groups of three or four particles are engaged in multiple col-
lisions. These particle groups disperse shortly after and new
groups form. When shear-rate is further increased as in Fig.

2(c), groups grow in size due to an increasing chance for free
particles to join before groups have the time to disperse.
Conceivably, there may be a maximum group size depending
on the global concentration, the shear-rate, and material
properties. As the solid concentration approaches zero, the
group size should approach one. The maximum possible
group size under any condition is the total number of par-
ticles in the flow domain.

Next we consider an intermediate concentration case. Fig-
ure 3 depicts a scenario from a very low shear-rate to in-
creasingly higher and higher shear-rates. At very low shear-
rates, binary collisions still have a chance to finish before a
traveling particle comes along to begin the next binary col-
lision, as in Fig. 3(a). As the shear-rate increases, just like in
Fig. 2, multiple collisions become increasingly probable. At
this intermediate concentration, however, the number and
size of groups are greater than the low concentration case.
Furthermore, as the shear-rate increases more, large groups
that span the entire length of the granular assembly in the
shear gradient direction can form, such as in Fig. 3(c). At this
intermediate concentration, these large groups, or force
chains, are short-lived. They dynamically deform and break-
down into smaller groups and reform into new force chains.

At a high concentration as shown in Fig. 4, almost all
particles are connected all the time through a force network.
When shear-rate is very low, such as in Fig. 4(a), particles
have time to rearrange, so that groups may move over one
another to accomplish a macroscopic shear-rate. This con-
cept is analogous to that of the liquid viscosity[25]. As the
shear-rate increases, the time to rearrange cannot catch up,
particles form crystallized regions joined by slip-lines. Fig-
ure 4(b) shows such a case, where different particle shadings
represent different groups bordered by slip-lines. These crys-
tallized groups maintain their identity much longer than
those in Fig. 4(a). These groups slide across one another as
well as undergo deformation within the individual groups.
The slip-lines rotate gradually as the crystallized groups slide
and deform. A time sequence of such phenomenon is shown
in Fig. 5. As the shear-rate increases even more, the only way
shear can happen is through formations of concentrated fail-
ure zones. The white particles in the center two layers of Fig.
4(c) represent this failure zone, most of the shear takes place
in this failure zone, the rest of the particles remain crystal-
lized, with no time to relax and rearrange. This stage also
represents very high peak stress levels. Particles may fracture
under the peak contact load. Formation of such localized
shearing layer in granular flows was found in[9,10]. The
transition between Figs. 4(b) and 4(c) is analogous to ductile/
brittle transition in solids.

FIG. 4. High concentration.(a) Very low shear-rate;(b) inter-
mediate shear-rate;(c) high shear-rate.

FIG. 5. A time sequence of deforming blocks of granular materials joined by slip-lines.C=0.875;m=0.5; e=0.1; B=0.001; sample
size=30(in flow direction) by 100 (in velocity gradient direction). Velocity is in the horizontal direction and gradient is in the vertical
direction. These panels are separated by a time duration of 10tc.
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In dimensionless terms, “low shear-rate” corresponds to
tc/ tf !1, “high shear-rate” corresponds totc/ tf @1 and “in-
termediate shear-rate” is the casetc/ tf .1. Because the ratio
of binary contact duration and the mean free flight time ap-
proaches infinity as the solid concentration approaches the
densest packing, at extremely high concentration close to the
maximum packing limit, it is conceivable that situations de-
picted in Figs. 4(a) and 4(b) are impossible. As soon as the
shear begins, the particles form crystallize regions and shear
can only occur at finite failure zones. In this case, the con-
dition we call “high shear-rate” as shown in Fig. 4(c) can
begin at a physically very low value of shear-rate. Stick-slip
situation at very high concentrations has been observed in
several physical and computational studies of granular mate-
rials (e.g., Ref.[26]). That is, shearing occurs discontinu-
ously in time and a constant shear-rate cannot be maintained.
This situation is not covered by Fig. 4(c). We believe that
Fig. 4(c) is only one kind of flow that happens under high
concentration and “high” shear-rate. The formation of a fail-
ure zone is necessary to allow a continuous shear at a con-
stant rate. This failure zone is most likely created by first
applying a slow strain such as in a triaxial test vessel. If a
granular material does not have the time to create this failure
zone, it must then go through an elastically deforming stage
(stick) until enough room is created somewhere so that a
local collapse takes place, and shear can be accomplished
(slip), provided that particles survive the high deformation
stage.

It should be emphasized that although there are nine dis-
tinct “regimes” depicted in Figs. 2–4, transition between any
pairs of these regimes may be gradual or abrupt. Indeed,
from the flow maps shown in[10], the transition between
some basic regimes defined as elastic-quasistatic, elastic-
inertial, inertial-noncollisional, and inertial-collisional could
occur over small changes in the parameter space.

IV. THE NUMERICAL EXPERIMENT

To validate the above conceptual theory, we performed a
numerical experiment using the discrete element method as
described in Ref.[9]. For completeness, this numerical
model is briefly described here. A two-dimensional assembly
of uniform disks is adopted. We consider a simple shear flow
with velocity in thex direction and velocity gradient in they
direction. The contact force between two disks consists of
normal and tangential components. A parallel linear spring

and dashpot is applied in the normal direction and a linear
spring with frictional sliding is applied in the tangential di-
rection. The spring and dashpot forces are directly related to
the relative velocity between two particlesA andB

VW AB = sxẆA − xẆBd + Rsu̇A + u̇Bdt̂ s5d

wherexW is the position vector of the particle,R is particle
radius,u is the angular displacement of the particle, andt̂ is
the unit vector tangent to the particles in contact. The relative
displacement rates in the normal and tangential directions

may be expressed asṅ=VW AB·k̂ and q̇=VW AB·t̂ respectively, in

which, k̂ is the unit normal vector at contact. Using these
notations, the damping forces due to dashpots are calculated
in terms of the instantaneous relative velocity

Dn = 2zn
ÎmKnṅ, s6d

whereKn is the normal spring constants of contact andzn is
related to the restitution coefficiente as defined in Eq.(3).

The normal and shear spring forces are cumulated such
that at time stepN

Fn
N = Fn

N−1 + Knṅ
N−1/2Dt andFs

N = Fs
N−1 + Ksq̇

N−1/2Dt. s7d

The total force is the sum of dashpot(damping) and spring
forces defined above. The magnitude of the shear force is
limited by mFn wherem is the friction coefficient.

The material parameters used in the present simulations
are spring constant in the normal directionKn=106, tangen-
tial directionsKt=0.8Kn, particle diameterD=1, and particle
mass=1. Two friction coefficients are studied:m=0 andm
=0.5. Whenm=0 slipping always occurs if there is any tan-
gential relative momentum. Two values of restitution coeffi-
cient were investigated,e=0.1 ande=0.9, in the normal di-
rection, and no damping in the tangential direction. In the
figures to follow, we present the case whene=0.1. The re-
sults are qualitatively the same for the case withe=0.9.

Periodic boundary conditions are applied, which is a stan-
dard technique well established in molecular dynamics[27].
The number of simulation domain contains 3000 particles
(30 in the velocity direction by 100 in the velocity gradient
direction). In each time step, list of neighboring particles are
first established through a search routine. Contacts are then
detected if center-to-center distance between neighboring
particles is less than a particle diameter. All contacts binary
or multiple, are recorded first, then total contact force acting

FIG. 6. Dimensionless normal stress
vs dimensionless shear-rateB. Left side:
m=0; right side:m=0.5.
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on a particle is calculated from the sum of all individual
contact. The acceleration, velocity, and displacement of each
particle are obtained from the total force. The computation
proceeds to the next time step.

The total stress is the sum of the kinetic stresstk and the
contact stresstc. The contact stress is defined asti j

c =kkiFjl
=sD /Adoc=1

M kiFj whereD is the disk diameter,A is the do-
main area,M is the number of contacts inA, k is the contact
vector andF is the contact force between two disks. The
kinetic stress is defined asti j

k =−krvi8v j8l=−sm/Ad
3op=1

N vi8
pv j8

p wherer=mN/A is the density of the particle
assembly,m is the disk’s mass,N is the particle number in
the domain andn8 is the fluctuation velocity of the particles.
The time step was chosen to be 1/50 of the binary collision
time. All data reported here are based on steady state results
as determined by the average stress levels.

Figure 6 shows the dimensionless stress obtained for three
concentrations. Although the material properties are very dif-
ferent and sample size is 100 times of that reported in Ref.
[9], similar variation of rate dependency as shown in Fig. 1 is
again observed for both frictionless and frictional cases, with
higher stresses in the latter case.

We define simultaneously contacting particles as a
“group.” These “groups” are somewhat like macroparticles
except that they can deform, disintegrate, and reorganize.
Two distinct groups do not have any particles in contact with
each other, but all particles belonging to the same group are
connected via force networks. In strictly binary collision
cases, group size is either 1 for free flight particles or 2 for a
pair in collision. Figure 7 is the result of the average group
size, defined as the total number of particles divided by the
number of groups in the simulation domain. In each case
group size increases with increasing shear-rate, as expected

based on the conceptual theory described earlier. Except for
one case at the highest concentration and highest shear rate,
friction consistently increases the average group size. Figure
8 shows the maximum size of the groups. Since the total
number of particles is 3000 in the numerical experiment,
when the maximum size of the group reaches 3000, force
chains spanning the entire domain are present and the system
“saturates.” For the frictionless case, this condition is
reached whenC is 0.9 and the dimensionless shear-rate is
greater than 0.01. For the frictional case, force chains span-
ning the entire domain occur earlier, as seen from the much
higher values of maximum group size in the entire range of
shear rate studied. Force chains may develop much earlier
than the moment when maximum group size equals the
sample size. In fact, as soon as one group of simultaneously
colliding particles spans the flow domain in any direction,
force chain forms. However, we currently do not have any
geometric measure of a group other than its size, hence we
are not equipped to detect the onset of force chains spanning
the domain.

The variation of coordination number with respect to the
dimensionless shear-rate is shown in Fig. 9. Clearly, the co-
ordination number increases with the concentration. But the
dependence on the shear-rate is not monotonic. Coordination
number is a measure of rigidity in polymer fluids and granu-
lar materials[28]. A degree of freedom constraint argument
was used to suggest that for critical rigidity the coordination
number iszc=4 for stationary smooth uniform disks andzc
=3 for the corresponding situation with frictional disks. Be-
low this critical number granular materials cannot support
load from arbitrary directions. Figure 9 shows that for flow-
ing granular materials, as the shear-rate increases, the coor-
dination number approacheszc=3 in different fashions de-
pending on the concentration. For a very high concentration

FIG. 7. Average group size vs
dimensionless shear-rateB. Left
side:m=0; right side:m=0.5.

FIG. 8. Maximum group size
vs dimensionless shear-rateB.
Left side: m=0; right side: m
=0.5.
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(C=0.875, 0.9) the coordination number decreases to 3 as
shear-rate increases. For a lower concentrationsC=0.8d the
coordination number increases to 3. This phenomenon is ob-
served for both frictionless and frictional cases.

Figure 10 shows the contribution of the kinetic stresses to
the total stresses. This contribution increases as the shear-rate
increases. Increasing kinetic stress indicates higher particle
velocity fluctuation, hence implies less stable particle groups.
For the two cases of very high solid concentration(C
=0.875, 0.9) fluctuation energy increases as the coordination
number decreases. For the case of a lower concentrationsC
=0.8d increasing fluctuation does not affect the increase of
the coordination number. The relation among fluctuation en-
ergy, coordination number, and the stability of groups will
require further investigations.

To test the stability of groups we may also study the con-
tact duration. Moreover, contact duration is a measure of the
validity of kinetic theory. We define the contact duration as
the duration from the initiation of a contact to its termination,
that is, the “lifespan” of a collision. The measure of this
duration is inherently limited by the observation. Contact
durations longer than the observation duration can only be
recorded as “saturated.” As shear-rate increases, it was ob-
served that the contact duration also increases. Hence, it is
necessary that the observation length be increased for large
shear-rates or higher solid concentrations. In the results pre-
sented here, the time range for observing the contact duration
of the particles is between 2000 and 4000 time steps, or 50 to
80 times the binary collision durationtc. To obtain smooth
statistics we bin the duration of contacts over a small range
of time steps, the bin sizes are 40 forC=0.8, 60 for C
=0.875, and 80 forC=0.9.

Figure 11 shows the number density of the dimensionless
contact duration form=0, three concentrations and two
shear-rates. If all contacts are binary, the number density
function should have a delta distribution around 1. As can be
seen, for lower shear-rates, contact durations are closer to
that predicted by the binary collision duration than higher
shear-rates. In general, the contact duration increases with
both shear-rate and concentration with a good number of
contacts lasting much longer than the binary contact time.
Furthermore, the effect of concentration on these contact
times is evident from these results. Log-normal distribution
seems to fit the lower concentration casesC=0.8d well, but
not for higher concentrations. Figure 12 depicts the mean
contact duration for both frictionless and frictional cases and
various dimensionless shear-rates and concentrations. All
cases show that the mean contact duration is longer than the
duration of binary collision. The frictional cases have much
longer contact time than the corresponding frictionless cases.
An interesting result is that as shear-rate increases the mean
contact duration begins to decrease. It is probably due to the
degradation of the group stability sustaining the multiple col-
lisions under high shear-rates.

V. DISCUSSION

The data obtained from the numerical experiment support
the conceptual theory given in Sec. III. As shown in Figs.
6–8, we observe at lower shear-rates and lower concentra-
tions, the particles are mostly discrete and the contacts are
rare. A significant portion of the contacts are binary in nature
(as seen from the group size values in Fig. 7). Hence as the
shear-rate increases, the kinetic energy and the stress in-

FIG. 9. Coordination number
vs dimensionless shear-rateB.
Left side: m=0; right side: m
=0.5.

FIG. 10. Percentile of dimen-
sionless kinetic stresst22

*k/t22
* . Left

side:m=0; right side:m=0.5.
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FIG. 11. Contact time distribu-
tions for m=0 and(a) C=0.8, (b)
C=0.875, and(c) C=0.9.

FIG. 12. Mean contact dura-
tion for various concentration and
dimensionless shear-rates. Left
side:m=0; right side:m=0.5.
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crease as the collisions become more frequent. At first, this
increase of stress indeed is dependent on the square of the
shear-rate, as shown by the flat curve in Fig. 5 for low shear-
rate cases. If the shear-rate is increased for a lower concen-
tration casesC=0.8d, multiple collisions begin to take place,
group size increases, rate dependency begins to drop as can
be seen from the declining slope of the dimensionless stress
curve in Fig. 6. For higher concentrations, such declining
slope happens at lower shear-rates. Rate dependency of the
constitutive relation does not totally disappear forC=0.8 in
the range ofB tested, suggesting groups of colliding particles
may form and separate at a rate corresponding to the shear-
rate. This point has also been mentioned in[18]. We believe
the above results correspond to the inertial-collisional,
inertial-noncollisional, and finally elastic-inertial transition
as defined in[10]. The strict quasistatic case with no rate-
dependency is not observed in this study. It is speculated that
for strict rate-independency to happen, group size needs to
reach the sample size consistently.

The integrity of the groups is related to the velocity fluc-
tuation of the particles. As shown in Fig. 10, kinetic stress of
the granular system does increase with shear-rate and de-
crease with solid concentration, indicating the dynamics of
groups play a role in the constitutive relation of the granular
material. The dynamics of group interactions are responsible
for the rate dependency of the constitutive behavior even
though binary collisions are no longer valid.

The constitutive relation of granular flows changes re-
gimes from being rate-dependent to nearly rate-independent.
This regime change may be explained in terms of the contact
time also. From Fig. 11 the peak probability of contact time
will occur around the binary contact time(time/tc=1) only
for low concentration and low shear-rates. As either the
shear-rate or the solid concentration increases, groups of par-
ticles form. The contact duration distribution peak is still
distinct but the tail portion grows. Many more collisions are
longer than binary, involving groups of simultaneously col-
liding particles. When shear-rate or solid concentration fur-
ther increase, the force chain formation starts wherein the
probability curve is sufficiently flat and the tail portion grows
wider. Eventually, force chains become persistent wherein
the probability curve could become flat across the entire time
domain.

To see if any of the phenomena observed above is mate-
rial property dependent, a case withe=0.9, m=0 was tested
keeping all other parameters the same. The resulting dimen-
sionless normal stress and the average group size are given in

Fig. 13. Similar behavior of all other parameters given in
Figs. 8–12 was observed betweene=0.1 ande=0.9. Never-
theless, it is with no doubt that regime change and the types
of regimes depend quantitatively on the intrinsic properties
at the grain level.

Granular materials are like any complex material that can
display the whole range of behavior from solid to gas[29].
The gaslike extreme is the simplest form it can take. Transi-
tion between regimes seems to be related to evolutions of
both additional time and length scales beyond the binary
collision time and the individual particle size. It is observed
that the contact time and the size of a group defined as the
interconnecting particles both grow rapidly with increasing
concentration while their dependence on the shear-rate is not
monotonic.

Some additional remarks are due here concerning the very
dense flows where force chains span the entire flow domain
prevail. As mentioned in Ref.[10], interparticle friction plays
an increasingly important role in very dense flows because
the stability of these force chains rely on this friction. In the
“elastic-quasistatic” regime stresses are mainly originated
from the force chains. Increasing interparticle friction means
more stable force chains and reduced inertia effects from
their breakage. The resulting macroscopic behavior obeys a
Coulomb friction law. The data from Ref.[10] suggested a
percolation threshold exists for the solid concentration,
above which rate-independency is expected.

All of the observations above are obtained from computer
simulations. Since computer simulations are constrained by
finite sample size, it is natural to ask whether the above
observations are sample size dependent. We tested the stress
and strain rate relations with sample size ranging from 20 by
20 to 50 by 50 and found quantitatively the results did de-
pend on the sample size for small sample sizes. However, the
stress results from 50 by 50 sample size are less than 5% of
difference from the stress results of 30 by 100 presented
here. Thus the stress and strain rate relations with the current
sample size have probably reached its stable value for the
parameters we tested. On the other hand, it is obvious that
other internal scales may still be sample size dependent. For
instance, when the maximum group size shown in Fig. 8
reaches the sample size, the mean and maximum group sizes
are artificially constrained by the sample size. Thus although
the qualitative behavior of granular flows, and reasons of the
transition between distinct regimes is the same regardless of
sample sizes, quantitative results reported in the above may
still vary with sample size. Further study is required to ad-
dress this issue.

FIG. 13. Dimensionless nor-
mal stress and average group size
for e=0.9,m=0 with all other pa-
rameters the same as in Figs. 6
and 7.
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VI. CONCLUSION

The results obtained in this paper show that the regime
change for granular flows is related to additional internal
length and time scales. Using a numerical experiment, the
development of these additional scales is demonstrated by
measuring the collision duration of the particles, the coordi-
nation number, and the size of the groups of simultaneously
contacting particles. Although the results support the concep-
tual theory for regime change, it requires further analysis to
determine how the particle groups interact and how the force
chains form and break within these groups. These macropar-
ticles are integral parts of a mathematical formulation of
granular flows. The dynamics of these structures must be
included in the constitutive laws for granular materials.
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APPENDIX

The notation used in this paper is as follows:B, dimen-
sionless shear-rate;C, concentration;dt step size in the simu-
lation=tc/50; e, restitution coefficient;Kn, Kt, particle stiff-
ness;m; particle mass;tc, binary collision;ġ, shear-rate;m,
particle friction coefficient;t22

* , dimensionless normal stress;
t12

* , dimensionless shearing stress.
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